Abstract. Let (Q, q) be a quadratic space over a commutative ring R in which 2 is invertible, and consider the Dickson-Siegel-Eichler-Roy's subgroup EO R (Q, H(R) m ) of the orthogonal group O R (Q ⊥ H(R) m ), with rank Q = n ≥ 1 and m ≥ 2. We show that EO R (Q, H(R) m ) is a normal subgroup of O R (Q ⊥ H(R) m ), for all m ≥ 2. We also prove that the DSER group EO R (Q, H(P )) is a normal subgroup of O R (Q ⊥ H(P )), where Q and H(P ) are quadratic spaces over a commutative ring R, with rank(Q) ≥ 1 and rank(P ) ≥ 2.
Bq • α t , where α t denotes the dual map P * → Q * . If β : Q → P * , then define β * : P → Q by precomposing d
−1
Bq • β t with ε : P → P * * , where β t denotes the dual map P * * → Q * . The A-linear map α * is characterized by the relation (f • α)(z) = B q (α * (f ), z) for f ∈ P * , z ∈ Q.
Let O R (Q) denote the orthogonal group of the quadratic module (Q, q). That is, O R (Q) = {α ∈ Aut R (Q) | q(α(z)) = q(z) for all z ∈ Q} In [18] , A. Roy defined the "elementary" transformations E α and E
In [8] , B. Calmès-J. Fasel have described an elementary subgroup EO 2n+1 (R) of the special orthogonal group SO 2n+1 (R) generated by a set of 5 generators. By comparing the generators with the generators of DSER, we can identify two of the elementary generators are of the form E αij and E * βij , and other three generators are commutators of these type of generators.
The following normality results were proved by the first author in [3] . All aforementioned results about normality of this elementary orthogonal group in the literature have assumed stable rank conditions. In this paper, we prove that the normality of the DSER subgroup in most generality without these restrictions on the hyperbolic rank, except for the case of rank(Q) = 2 and m = 1. We prove the following theorems. Theorem 1.2. The DSER group EO R (Q, H(P )) is a normal subgroup of O R (Q ⊥ H(P )), where Q and H(P ) are quadratic spaces over a commutative ring R, with rank(Q) ≥ 1 and rank(P ) ≥ 2.
In order to prove these theorems, we prove an analogue of Quillen's Local-Global principle in the extended module case for the DSER group. In addition to these results, we see that in the free module case, the elementary DSER group with q to be the standard hyperbolic form coincides with the usual elementary orthogonal group EO n+2m (R). We also use a decomposition result of R.A. Rao in [17] .
Notations:
• GL n (R) will denote the general linear group. Let α ∈ GL n (R) and β ∈ GL m (R), then by α ⊥ β we denote the matrix α 0 0 β and by α⊤β we denote the matrix 0 α β 0 .
• ψ 1 = 0 1 1 0 , ψ r = ψ 1 ⊥ ψ r−1 .
• The matrix of the bilinear form corresponding to the quadratic form q is denoted by ϕ.
• E(α) denote either E α or E * α , where α ∈ Hom(Q, P ) or Hom(Q, P * ).
• h denote the hyperbolic plane H(R) and
•
In this section, we prove the normality of the elementary orthogonal group
, where R is a commutative ring in which 2 is invertible, (Q, q) a quadratic space, and h denote the hyperbolic plane H(R). Now we recall a decomposition result of R.A. Rao from [17] .
where
In [13] on page 290, R. Parimala remarked that if α ∈ O k (h), where k is a field of characteristic = 2, then there is a nonzero element u ∈ R such that
. We prove that this also holds over a local ring. Lemma 2.2. Let R be a local ring with maximal ideal m. 
Lemma 2.3. Let R be a local ring with maximal ideal m. Assume that 2R = R. Let (Q, q) be a quadratic space over R of rank n. Then the group O R (h) normalises EO R (q, h).
Proof. The elements of O R (h) are of the form
The elementary generators of EO R (q, h) are of the form E α1j or E * β1j for 1 ≤ j ≤ rank Q = n. From the following set of equations
Corollary 2.4. Let R be a local ring with maximal ideal m. Assume that 2R = R. Let (Q, q) be a quadratic space of rank n over R. Then the elementary orthogonal group
Lemma 2.5. Let R be a local ring with maximal ideal m. Assume that 2R = R. Let (Q, q) be a quadratic space. Then the group O R (h) normalises EO R (q, h m ).
Proof. The elementary generators of EO R (q, h m ) are either of the form E αij or E * βij for α, β ∈ Hom(Q, R m ), 1 ≤ i ≤ m, and 1 ≤ j ≤ n.
we have the set of equations
Lemma 2.6. Let (Q, q) be a quadratic space of rank n over R. Then the orthogonal group
Bq . Therefore we get (
Lemma 2.7. Let (Q, q) be a quadratic space of rank n = 2r over R and let ϕ = ψ r . Then EO R (q, h m ) = EO n+2m (R), where EO R (q, h m ) denote DSER elementary orthogonal group and EO n+2m (R) denote the usual elementary orthogonal group.
Proof. Let ϕ = ψ r . Then q ⊥ h m has the form ψ r+m . Let σ denote the permutation matrix associated to this form where σ is given by
The elementary generators for EO n+2m (R) with respect to this form are
and a ∈ R. The elementary generators for EO R (q, h m ) are
From Eq.(1), Eq.(2) and Eq.(3), it is clear that for 1 ≤ k ≤ m and 1 ≤ l ≤ n,
To prove the reverse inclusion, it is enough to show that for 1 ≤ k, l ≤ n and n
For k = n + 2i, l = n + 2j − 1, 1 ≤ i < j ≤ m and for 1 ≤ s ≤ n,
Thus we get To be self-contained, we sketch a different proof of this proposition.
Lemma 2.9. Let (Q, q) be a diagonalizable quadratic R-space. The elementary orthogonal group EO 4 (R) normalizes the DSER elementary orthogonal group EO R (q, h m ) for m ≥ 2.
Proof. The elementary orthogonal group EO 4 (R) has elementary generators of the form oe 13 (a), oe 14 (b), oe 23 (c), oe 24 (d), where oe kl (x) = I n+2m + xe kl − xe σ(l),σ(k) if k = σ(l) and k < l, for 1 ≤ k = l ≤ n + 2m and x ∈ R. The elementary generators of EO R (q, h m ) are of the (matrix) form
where n = rank(Q), x, y ∈ R, d j ∈ R is the (j, j)th entry of the diagonal matrix B −1
is an m × n matrix with (i, j)-th entry is x and all other entries 0 and β ij (y) is an m × n matrix with (i, j)-th entry is y and all other entries 0.
We need to prove that each oe kl normalizes both E αij and E * βij for all 1 ≤ i ≤ m and 1 ≤ j ≤ n. We illustrate one example here:
Let n = 2 and m = 2. Then the elementary orthogonal group EO R (q, h 2 ) has elementary generators
oe 13 (a)E α11(a11) oe 13 (−a) = E α11(a11) , oe 13 (a)E α12(a12) oe 13 (−a) = E α12(a12) , oe 13 (a)E α21(a21) oe 13 (−a) = E α11(
We will get similar relations for E * β11(b11) , E * β12(b12) , E * β21(b21) , and E * β22(b22) . Hence it follows that the group EO 4 (R) normalizes the DSER elementary orthogonal group EO R (q, h 2 ). can be considered as an element in some EO 4 (R). Hence by Lemma 2.9, EO 2m−2 (R) normalizes
. It is enough to prove that α normalises the elementary 
Now we prove the normality of the DSER group EO R (Q, H(P )) when P is free R-module.
, where q and h m are quadratic spaces over a commutative ring R and m ≥ 2.
Then θ(0) = I and (
for all m ∈ Max(R), then by Theorem 3.3,
Hence we have θ(1) = αE β α −1 ∈ EO R (q, h m ). So we can assume R to be a local ring.
Assume that R is a local ring. Then q is diagonalizable. By Lemma 2.1, we have the decomposition
Note that by Lemma 2.5, O R (h) normalises EO R (q, h m ). By Lemma 2.7, we conclude that EO R (h m−1 , h) = EO 2m (R). Since any elementary generator of EO 2m (R) is an element of some EO 2m−2 (R) for m > 2, it will be contained in
Local-Global principle for the DSER group
In this section, we prove an analogue of Quillen's Local-Global principle(extended case) for the DSER elementary orthogonal group. We take M = Q ⊥ H(P ) and M [X] will denote (Q ⊥ H(P )) [X] . We assume that the rank of the projective module Q is ≥ 1 and rank P ≥ 2.
We recall lemmas from [4] . 
Lemma 3.2 ((Dilation Lemma) [4, Lemma 5.7] ). Let Q, P be free modules of rank n and m respectively. Let s be a non-nilpotent element of R and
We state here some useful facts.
(1) Let R be a ring and S be a multiplicative subset of R. Let M be a finitely presented R-module and N be any R-module. Then we have a natural isomorphism,
(2) Let R be a ring and M be a finitely presented R-module and let N be any R module. Then we have a natural isomorphism,
We state a variation of [4, Lemma 5.6 ] which can be proved by the similar arguments of [4, Lemma 5.6]. we also refer the reader to [2] for the various commutator relations involved in proving this lemma.
Lemma 3.4. Let Q be a quadratic R-space and P be a finitely generated projective R-module. Let s be a non-nilpotent element of R. Fix r ∈ N. Given an integer N ∈ N and x ∈ R, then for integers N t ≥ N and x t ∈ R, there exists a product decomposition
where W, Y, Z ∈ Hom Rs (Q s , P s ) or W, Y, Z ∈ Hom Rs (Q s , P * s ), i, k, p t ∈ {1, 2, ..., m} and j, l, q t ∈ {1, 2, ..., n} for every integer 1 ≤ t ≤ µ.
Proof. Use the similar arguments as in [4, Lemma 5.6 ] which involves various commutator relations among the elementary generators of EO Rs (Q s , P s ).
Corollary 3.5. Let Q be a quadratic R-space and P be a finitely generated projective R-module. If ε = ε 1 ε 2 . . . ε k , where each ε j is an elementary generator of the type E αij or E * βij with α ∈ Hom Rs (Q s , P s ) or β ∈ Hom Rs (Q s , P * s ). For l > 0, 1 ≤ r ≤ m, 1 ≤ p ≤ n and x ∈ R, there is a product decomposition
where W, Y ∈ Hom(Q s , P s ) or Hom(Q s , P * s ), 1 ≤ r t ≤ m, 1 ≤ p t ≤ n and x t ∈ R chosen suitably.
Proof. Apply Lemma 3.4 repeatedly.
Proposition 3.6 ((Dilation Principle)). Let (Q, q) be a quadratic R-space of rank n ≥ 1 and let P be a finitely generated projective R-module of rank m ≥ 2. Let M = Q ⊥ H(P ). Let s be a non-nilpotent element in R such that P s and Q s are free. Let
) and ℓ ≫ 0 such that θ(X) localizes to θ(bX) for some b ∈ (s ℓ ) and θ(0) = I.
Proof. Since θ(0) = I, we can write
Let γ k = ε 1 ε 2 . . . ε r k and l = 2 r k −1 . Using Corollary 3.5, we get
Since Q s and P s are free R s -modules, we have
Using this isomorphism, the polynomials in P s [X, Z] can be regarded as the bilinear form as follows:
where ϕ is a diagonal invertible matrix and ψ m denotes the standard hyperbolic form
Let e * i be the standard basis for R m ) for all m ∈ Max(R). Then θ(X) ∈ EO R (Q, H(P )).
Proof. Use the Dilation Principle (Lemma 3.2) and D. Quillen's arguments in [16] to deduce the LocalGlobal Principle from the Dilation Principle.
4. Normality of EO R (Q, H(P )) in O R (Q ⊥ H(P ))
In this section, we prove the main result of this paper. Let P be a finitely generated projective module.
Theorem 4.1. EO R (Q, H(P )) is a normal subgroup of O R (Q ⊥ H(P )), where Q and H(P ) are quadratic spaces over a commutative ring R, where rank(Q) ≥ 1 and rank(P ) ≥ 2.
Proof. Let η ∈ O R (Q ⊥ H(P )) and E β , E * γ , elementary generators in EO R (Q, H(P )). For any maximal ideal m of R, the R m -modules Q m and H(P ) m are free and H(P ) m ∼ = h m .
Let θ(T ) = ηE T β η . Therefore, we have θ(1) = ηE β η −1 ∈ EO R (Q, H(P )).
